Abstract. The theorem of J. Moser that any two volume elements of equal total volume on a compact manifold are diffeomorphism-equivalent is extended to noncompact manifolds: A necessary and sufficient condition (equal total and same end behavior) is given for diffeomorphism equivalence of two volume forms on a noncompact manifold. Results on the existence of embeddings and immersions with the property of inducing a given volume form are also given. Generalizations to nonorientable manifolds and manifolds with boundary are discussed.
The topics of this paper are the action of the diffeomorphism group of a noncompact paracompact oriented manifold on the space of C00 volume forms on the manifold and the existence of volume-form-preserving embeddings of such manifolds into euclidean spaces. The results are essentially generalizations to the case of noncompact manifolds of a theorem of Moser [6] and a corollary of that theorem. The theorem is that if M is a compact connected oriented manifold and if w and t are C°° volume forms on M such that JMu> = Jmt then there is a C°° diffeomorphism <p: M -> M such that tp*r = w. The corollary is that if <o is a C°° volume form on such a manifold and if there is a C °° embedding (immersion) of M into a particular euclidean space R * then there is a C °° embedding (immersion) of M into that euclidean space with the property that the volume form of the Riemannian metric induced on M by the embedding (immersion) is w. Such an embedding or immersion will be called volume-preserving hereafter. The corollary as stated follows from the theorem as follows: If E: M -» Rk is an embedding (immersion) and uE = the volume form of the Riemannian metric induced by E then for some positive real number A, fM wX£ = fM w. If q>: M -> M is a diffeomorphism such that <p*wx£ = w, the existence of which is guaranteed by Moser's theorem, then XE ° (p: A/-* R* is the required embedding (immersion).
The result obtained for noncompact manifolds, analogous to the first result, is:
Theorem I. If M is a noncompact connected oriented manifold and if w and r are volume forms on M with fM u> = j'mt < +00 and if each end of the manifold M has finite u volume if it has finite r volume and infinite co volume if it has infinite r volume, then there is a diffeomorphism tp: M -* M such that tp*u = T.
The definition of finiteness and infiniteness of volume of an end will be given later as well as an example showing that the end condition cannot be omitted.
The generalization of the embedding-immersion result to the case of noncompact manifolds is the following result:
Theorem 2. If a noncompact connected oriented manifold M of dimension greater than 1 has a proper embedding (immersion) in a euclidean space Rk of dimension greater than the dimension of M, then for any volume form <o on M there is a proper embedding (immersion) of M in Rk which is volume-preserving for w.
Results corresponding to Theorems 1 and 2 hold for noncompact manifolds with boundary (see [1] and [2] for the case of compact manifolds with boundary). These results are discussed later in the paper, but for the sake of brevity they are omitted in this introduction.
In [4] , it is shown that if w and t are real analytic volume forms on a real analytic noncompact oriented manifold M, then there is a real analytic diffeomorphism <p: M -* M with <¡p*<o = t if (and only if) there is a C00 diffeomorphism \p: M -» M such that <//*« = t. Thus the real analytic problem reduces to the C °° problem discussed in the present paper.
The hypothesis that M have a proper immersion in R* (A: > dimension M) in Theorem 2 can be replaced by the hypothesis that M have an immersion in R*, not necessarily proper: the results of Hirsch [5] show that if any immersion exists then a proper immersion exists (here k > dimension M is needed). Specifically, a C°° proper map always exists and by Theorem 5.10 of [5] any map can be uniformly approximated by an immersion provided some immersion exists. Since the uniform approximation of a proper map is proper, the conclusion follows (cf. the proof of Lemma 5 in §3).
The remainder of this paper is organized as follows: In §1, the concept of an end of a manifold with volume form having finite or infinite volume is discussed and an example given to show the role of the end condition in Theorem 1. In §2, the proof of Theorem 1 is discussed briefly and in §3 the proof of Theorem 2 is discussed.
In §4, generalizations of Theorems 1 and 2 to the case of noncompact manifolds with boundary and to the case of odd forms on nonorientable manifolds are discussed.
Throughout the paper a manifold is taken to be connected by definition, unless otherwise specified.
Theorems 1 and 2 were announced in [3] . The authors are indebted to the Mathematics Institute of the University of Copenhagen for hospitality during the period when their work on this paper was initiated. The authors are also indebted to M. Hirsch for helpful discussions on immersion theory and to the referee for some useful suggestions. Clearly jM a = jM r = +oo. However, the end condition is violated: R2 -{(0, 0)} has two ends, one identifiable with (0, 0), the other with the "point at infinity" in R 2. The "point at infinity" end has infinite t volume and infinite <o volume as well. However, the (0, 0)-end has finite w volume but infinite t volume.
It is in fact the case that there is no diffeomorphism <p: M -* M such that <P*t = w. To see this observe that t has the property that any embedded circle (S ') in M which is not homologous to 0 divides M into two components, each having infinite r-volume. Clearly this property is diffeomorphism invariant, i.e., the same property will hold for <p*r for any diffeomorphism <p: M -+ M. But « does not have this property: one component of M -{(x, y)\x2 + y2 = 1} has finite w-volume. Thus there is no diffeomorphism <p: A/-* M such that <p*r = w.
It can happen that a diffeomorphism <p: A/-* M can exist with <p*w = r even if a and t do not satisfy the end condition. What is required is that there should be a diffeomorphism acting on the ends so as to make the end condition satisfied. Precisely, there is a diffeomorphism <p: A/-» M (for any noncompact paracompact M) such that <p*w = t if and only if jM <o = fM r < + oo and there is a diffeomorphism <p, : M -* M such that <p*<o and r satisfy the end condition of Theorem 1, i.e., each end if M has its <pfw and t volumes either both finite or both infinite. An example of this possibility (where «¡o, cannot be the identity) is obtained by again taking M = R2 -{(0, 0)} and taking u = (dxAdy)/ {x2 + v2)2 and t = (dx A dy).
Here w and t have each one infinite and one finite volume but the finiteness occurs for different ends in the two cases. But if <pt: M -* M is the diffeomorphism <px((x,y)) = (x, y)/(x2 + y2) then <pfw and t both have the (0, 0) end finite volume and the "point at infinity" end infinite volume. This follows from observing that <p, interchanges the two ends. It is not always the case (for general M) that the diffeomorphism group acts transitively on the set of ends. Thus the existence of a suitable <p, is usually a more subtle question than the question of whether the cardinality of the set of finite-volume ends for « equals the cardinality of the set of finite-volume ends for t and similarly for infinite-volume ends.
2. The proof of Theorem 1. The following lemmas will be used in the proofs of both Theorem 1 and Theorem 2.
Lemma \.Ifu and t are two volume forms on an oriented manifold M and if there is a connected compact set K with the properties that the support of <o -r is contained in the interior K of K and that }K w = fK r, then there is a diffeomorphism <p: M -> M such that <p|(Af -K) is the identity mapping and such that <p*w = r.
In Lemma 1, the support of w -t is as usual the closure of the set {p G MI (to -r)(p) ^ 0}. Lemma 1 is an immediate consequence of the argument used by Moser [6] to establish the theorem for compact manifolds referred to in the introduction of this paper.
Lemma 2. Suppose that M is an oriented manifold and that u and t are volume forms on M. Suppose also that N is a connected codimension 1 and submanifold of M and U is a tubular neighborhood of N (i.e. a neighborhood which is diffeomorphic to N X (-1, 1) under a diffeomorphism which takes N to N X 0). Let U+ and U_ be the components of U -N. Then there is a diffeomorphism <p: M -* M such that <p\(M -U) is the identity, tp*w = t on some neighborhood V c U of N, and fv <p*u = Ju u> and \v tp*w = fv «. (a) the supports of w -w, and t -Tj are compact; 0>) ¡M¡i "i = /a/,, t, = maxi/j^ w, JM¡¡ t); That such choices are possible is clear since the only condition involving nonfinite volumes is (d), and the possibility of that condition being satisfied is guaranteed by the end condition hypothesis combined with Lemma 4.
Informally, the w, and t, are w and t with some volume moved around so that w, and tx have equal total on M¡ = Mx and so that the components of M -M¡ have equal totals. Note that if the end condition hypothesis were omitted then this equal totals on the components of A/ -A/, might not be arrangeable consistently with condition (a).
Now there exist by Lemma 1 diffeomorphisms <p,: M-» M and \px: M-> M such that <p*w = w, and \¡/*t = t, and such that <px and <//, = identity outside arbitrarily small neighborhoods Ux and Vx of supp(w -w,) and supp(r -t,). In particular, these neighborhoods Ux and Vx can be taken so that they have compact closure and so that the union of their closures does not disconnect any component of M -M¡.
For the second stage of the construction, pick a positive integer i2 > i, + 2 and so large that <p, and \px = the identity on A/,l_2. Choose volume forms u2 and t2 such that: Again one then obtains diffeomorphisms <p2: A/ -» A/, i|/2: A/ -» A/ such that (¡p2w1 = w2 and ^t, = t2. These diffeomorphisms can and are to be taken to be equal to the identity outside neighborhoods U2 and V2 of supp(W[ -u>j) and suppig -tj), respectively, which are so small that their closures are disjoint respectively from Ux and Vx and so that Af, n U2 is empty and M¡ n V2 is empty. Also, the neighborhoods U2 and V2 are to be chosen so that for each component C of M -Mti, C is not disconnected by the union of i/2 and V2.
The construction now continues inductively. The <p, and \¡/¡ were chosen so that there are diffeomorphisms »p^: M-> M and ipx: M -> M such that «Pool Ut = <p¡ and if> J V, = ^ for aU / and «p^KA/ -U ," ,£^) = identity and . ., is a compact 2-dimensional oriented manifold with boundary, i.e. a finite union of spheres with a certain number of handles attached and a certain number of tubes-with-boundary attached. It is easy to see that each M¡ can be embedded between {(x, y, i -l)\x, y ER} and {(x,y, i)\x,y G R} in such a way that the boundary components of M¡ on which F = i -1 are embedded in {(x, y, i -1)} and those on which F = i are embedded in {(x, y, /)}. Clearly, also, these embeddings can be chosen so that they fit together to form an embedding of M itself which lies in the half-space {(x, y, z)\z > 0}.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let now Ex: M -» R* be a proper embedding such that EX(M) is contained in a half-space H. Choose a diffeomorphism <p2: Rk -» Rk which maps H into a subset {(*" x2.x")\x" > 0, 2^,V < 1}; then <p2 ° £,: A/-» R* is a proper embedding with (<p2 o Ej)(M) c j (x" x2, . . ., xn)\xn > 0, £ xf < 1 J. Now define a diffeomorphism <p3: R* -» R* by (*" . . . , x"_x, x") -+ (F(xn)xx.F(xn)x"_x, xj)
where F is a positive C00 function with F(xn) < 1 for all xn. Note that, because the dimension of M is at least 2, if t' = the volume form induced by <p2 ° Ex and t" = the volume form induced by <p3 ° <p2 ° Ex then
Since <p2 » Ex is proper, it follows that F can be chosen so that t" < w.
The arguments just given for the case of embeddings hold mutatis mutandis for the case of immersions with one exception: if E: M" -»Rn+1 is a proper immersion then R"+1 -F(M) may fail to contain a proper image of [0, + oo). To avoid this difficulty, one can construct the required proper immersion image in a half-space by choosing a transversal hyperplane, reflecting the part of the original immersion that goes into a fixed half-space across the hyperplane and smoothing along the resulting "fold".
Alternatively, one can treat the immersion case by applying the general theory of immersions of Hirsch [5] .. , be the compact connected submanifolds with boundary which are the components of the Mjs. According to Lemma 3, the theorem will follow if there exists an embedding Ex: M-> Rk such that for each/, fM*uEi = Smm'-For then there is a diffeomorphism <p: M -» Af such that <p*w£ = <o and thus uE o 9 = u and Ex ° <p is the required volume-preserving embedding (immersion). Now JM, uE < lM.w so what is needed is a perturbation of E0 which increases the induced volume. Such perturbations which preserve the property of being a proper embedding (immersion) can be constructed using a technique developed in [7] .
Specifically, the construction is as follows: The global perturbation is obtained from a sequence of local ones. For each/ = 1, 2, . . ., let p, be a point of Mj; a perturbation of the embedding (immersion) in a neighborhood of each p, will be found so that the required conditions are satisfied. On the other hand, if Xj = 1 then the integral over Mj is > fM,u while if A, = 0, the integral is < fM>w. Hence there exist Ay,/ = 1, 2, . .., 0 < \j, < 1, such that for all/ = 1,2,...
Generalizations to noncompact manifolds with boundary and nonorientable manifolds. The results of the previous sections have generalizations to manifolds with boundary and to odd forms on nonorientable manifolds (possibly with boundary). These generalizations and their proof are formally virtually identical to the theorems as given, and the detailed formulations and proof of these results will be left to the reader. A few comments are in order, however:
In the (orientable) manifold with boundary case, in attempting to transform one volume form w to another t via a diffeomorphism, one can first find a diffeomorphism <p, : Af -» Af fixing the boundary dM of Af pointwise and equal to the identity except near dM such that <p*u = f near 3Af. Then proceeding as before (provided the appropriate total volume and end conditions are satisfied) one need only consider diffeomorphisms with support away from 3Af, and one finds <p: Af -> M such that «p*w = t and <p|3Af = identity. To obtain <px choose a tubular neighborhood U « 3Af X [0, 1) of M and let <px((p, t)) = (p,f(p, t)) where/(p, 0) = 0 and 3//3i = t(P, t)/w(p, t).
This gives <pt near 3Af and <px is extended globally by an obvious procedure.
To turn to the nonorientable case, recall that if Af is nonorientable then a nowhere vanishing odd form <o on Af is by definition a volume form « on M, the orientable double cover of M, such that 7*w = -w, where I is the nontrivial covering transformation (with I2 identity) on M. 
